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Abstract— The influence of variable properties on laminar fully developed pipe flow is analyzed within the
framework of an asymptotic theory for small heat transfer rates. The functions describing the temperature
dependence of the fluid properties are expanded as Taylor series at the reference state, whose coefficients are
not specified for particular fluids. Shear stress and temperature at the wall are given as universal power series of

the parameter & = 1 gyp.

For all fluids it is shown how the exponents in the property-ratio method depend on the fluid properties.
Hence, this method is not an empirical one any more.

1. INTRODUCTION

A FULLY developed laminar tube flow is considered
which has the well-known parabolic velocity profile if
constant properties are assumed. Skin friction and heat
transfer are characterized by constant numbers for the
friction factor f - Re and the Nusselt number Nu.

But, of course, this is only an approximation since in
reality all physical properties involved in the problem
are dependent on temperature and pressure. And,
indeed, there is a pressure drop in the tube and there are
temperature gradients as soon as heat transfer is
considered.

For practical purposes, it is desirable to know how
the constant-property approximations can be cor-
rected for the influence of variable fluid properties. A
well-known method of that kind is the property ratio
method. Here the constant property results for f - Re
and Nu are multiplied by the ratio of certain properties
atdifferent temperatures to the power of some exponent
thus taking into account the temperature dependence
of the properties.

This method is not rational since the exponents are
empirical numbers and the properties involved in the
correction factor are more or less chosen intuitively.

In the following a systematic way of correcting the
constant property results is presented. It turns out that
under certain conditions only the temperature
dependence of the properties must be taken into
account. By expanding the properties as Taylor series
at a reference state one finally comes out with
correction factors for f * Re and Nu without a need for
any empirical information. It is a rational asymptotic
approximation for small heating rates which can be
systematically improved by higher order terms.

2. BASIC EQUATIONS

The Navier-Stokes equations for steady flows in
cylindrical coordinates, nondimensionalized and
transformed according to Table 1 read (viscous heating
(Ma—0, see below) and buoyancy forces are
neglected), see for example [1]):

continuity:

0
(prv) =0 (1)
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ﬁxpu r or

X-momentum :

ou ou dp 10 du
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r-momentum :
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energy (enthalpy):
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P 0x ar Pry r or rcp or) (
Pro = ngcgo/As

with associated boundary conditions :

dh ¢
=p=0; —="2¥ =1
u=v o lwqw at r (5)
du Oh
= = =0. 6
v o 0 at r=0 6)

Equations (1)-(4) are a simplified form of the full
Navier-Stokes equations valid for cases in which the
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NOMENCLATURE
A cross-sectional area u,v velocity components
¢, specific heat at constant pressure U, mean velocity at reference conditions
[ friction factor, equation (53) X axial coordinate
7 friction factor, equation (66) y coordinate perpendicular to the wall.
h specific enthalpy
IS“ d%mens%onless property, equagon (1) Greek symbols
K, dimensionless property, equation (12) o hysical propert
Ma Mach number phy property
. ¥y ratio of heat capacities

m; exponent, equation (72) . .
. € perturbation parameter, equation (14)
m  mass flux viscosit
Nu Nusselt number, equation (58) 1 y ..
N . A thermal conductivity
Nu Nusselt number, equation (69) ) densit
n,  exponent, equation (71) F oy

1w wall shear stress.
p  pressure
Pr  Prandtl number
q heat flux Subscripts
r radial coordinate B  bulk
R pipe radius c.p. constant property
Re Reynolds number 0 reference condition
T  temperature W wall

ratio of a characteristic radial dimension (R* for
example) to a characteristic streamwise dimension (L*
for example) is small.

In the limit R*/I* -0 which holds for fully
developed pipe flows the Navier—Stokes equations can
be drastically simplified as can be seen with equation (3)
for example. This limiting process can be performed in
such a way (see Table 1) that the Reynolds number is no
longer explicitly present in the equations.

Allvariables are nondimensionalized with quantities
atthereference state ‘0’ asexplained in Fig. 1. Far away
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Fi1G. 1. Reference state ; bulk enthalpy distribution.

from the inlet of a pipe the flow is hydrodynamically
fully developed. This fully developed state is our
reference state ‘0’. At a certain point (x* = 0)in the tube
heat transfer across the pipe wall with gy, = const. will
start which leads to a linear increase in bulk enthalpy as
shown in Fig. 1.

The physical properties involved in the problem are
density p, viscosity #, thermal conductivity 4 and
specificheat capacity c,.. As ¢, is not constant the energy
equation is written in enthalpy h rather than
temperature T. The relation between h and T is:

7
dh =c,dT or h:J0 c, dT. )]

The Reynolds and Prandti numbers are defined with

properties at the reference state:

pSUSR* _ndco

ro =
* > 0 *
Mo A8

Rey = @®)

The reference velocity U¥ = m*/pfA*) is the mean
velocity of the oncoming fully developed pipe flow.

3. PHYSICAL PROPERTIES

All physical properties involved are more or less
pressure and temperature dependent. A systematic way
to quantify this statement is to expand these properties

Table 1. Dimensionless, transformed variables (* = dimensional quantities)

x r u v p T h o 7 A [
X Ret Itowv propd T*-TS kR p* ot A G
R*° R UY Us ° pBUE TS TS o8 nd A
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as Taylor series at the reference state. The physical
property « (here p, 7, A or c,) then reads:

da* Jo*
At = o+ | (T=T8) + 52| (*—pt)+ -
)
or in dimensionless form with « = a*/ad:
a=1+K,T+Kp+ - (10)
with
T* Ja*
K,=|—
* (a* 6T*)0 (tn
& (21U o\ _ p3UE® (p* oa*
T\ w* ap*)o ps \a*dp*)o
X[7%2
=00 k. 12
(V]

Here K, and K, are dimensionless numbers
characterising the fluid like the Prandtl number does.
By means of K, and K, one can easily select the
important dependencies. In Table 2 the values for air
and for water are listed, showing that the pressure
dependence is almost always negligible as K,, is
extremely small (and so a is nearly constant with respect
to p).

Only gases have considerable values of K. For gases
(Op*/0p*)ro = a&?/y, with a? being the local speed of
sound, and K, is (see [2]):

K, =yMa}. (13)
We now restrict ourselves to small Mach numbers
(Ma — 0, asymptotically) and so are left over with
the physical properties being temperature dependent
only.

As a consequence of this for small heat transfer rates
and small temperature differences the linear approxi-
mation to the functions «(T) according to equation
(10) may be sufficient. If higher accuracy is desired an
extension of what is presented here as linear theory is
straightforward, see [3]. Then, in the Taylor series
expansion, equation (9), higher order terms, neglected
here, have to be taken into account.
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4. ASYMPTOTIC EXPANSIONS

As our intention is to improve constant property
results, we start with this simple approximation of the
real problem. In Fig. 2 the development of the
temperature profile with x is shown. Far enough
downstream from the starting point of heat transfer, the
so-called hydrodynamically and thermally fully
developed state is reached. Not only is the velocity
profile independentof x but also the temperature profile
relative to the local bulk temperature which is linearly
increasing with x, of course. As a consequence of this,
there is a constant temperature difference Ty, — Tj in
that region. We now define this temperature difference
as our perturbation parameter ¢:

& = Ty~ Tg;- (14)

The index 1 refers to the constant property solution.
The perturbation parameter ¢ is proportional to the
heat transfer rate gy (qw = g¥yR*/13T¥) by:

s

(13)

According to this equation ¢ » 0 means vanishing
heat transfer rates and vanishing temperature
differences. As usual in asymptotic theory we therefore
define transformed variables such as for example
T = Tjeto get quantities of order one before expanding
all variables in series of & valid asymptotically for
e—0.

With:

£ = 35qw-

|

T =Tle,

h=hle, Gw=qwle=% (16)
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FiG. 2. Development of the temperature profile; constant
properties.

Table 2. Variation of physical properties with temperature and pressure for air and water (T, = 293K, p, = 1bar),

from [5] with

K1=<

p* 6a“>
a* op* /o

K, K, K, K, R, R, R, R,
Air  —101 070 083 001 10 85x1073  13x107*  18x1073
Water —-006 —737 075  —005 54x1075 10x107® 15x107* —44x107°
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the (Taylor series) expansion of the physical properties
reads:

p=1+K,T, +0(?) (17a)
1 =1+K,eT, +0(?) (17b)
A= 1+K,;eT, +0(c?) (17¢)
¢, = 1+ K eT, +0(2). (17d)

According to these expansions we suggest the following
formulae for the dependent variables of the problem:

u = uy +e(K, uy, + Kuy,)+0(e?) (18a)
v =0y +&(K,va, + K,,,)+0(?) (18b)
p =p1+8(Kpp2p+Knp2q)+0(82) (18C)

h=h,+eK hy,+ Kb, + Kb+ Kby )+ 0(2)
(18d)

T=T+eK, T, +K, T+ KT, + K Ty) +0(c?).
(18¢)

All variables with index 1, like u,, v4,..., describe the
constant property solution, those with index 2, like u, ,,
Uz V25 - - ., together with the constants K, K,,..., are
the coefficients of the linear (in &) deviations according
to the temperature dependence of the physical
properties. That is why the following theory is called
linear theory, neglecting deviations of order 0(g2). With
equations (17d), (18d) and (18e¢) the relation between
temperature and enthalpy, equation (7), is:

b T R = T (192)

Ezn = Ty,; hy, = Ty;,

hye = T +3T7. (19b)

Equations (17) and (18) inserted into the basic
equations (1)—(4) lead to the following system of partial
differential equations when terms of equal magnitude in
(eK,)" with n = 0; 1 and a = p, #, 4, ¢, are collected.

First order system
(n = 0, constant properties):

ou;, 1 ¢

+76;r(ru,) =0 (20)

+1 d { ouy 21
ca i) @D
ok, ok, 1

ul—-|~v1~‘=——li ra—h—1 (22)
ox or  Pror or or

with the associated boundary conditions:

ax

dp,

ou, ou,
Uy — — =

ox o or dx

=1 =v, =0, —L=4g
r Uy = v, e dw (23a)
Ju oh
=0: =0, —="1=09
r v, o o 0 (23b)

Second order system
(n=1)

continuity:
du,, 120 o 1¢ -
@xp T 5;(”72,;) = _[G_x(T1u1)+ 78—r(rTlvl)
(24)
ou
a;" + oo (r0a) = 0 (25)
momentum :
ou,y Ouy, Ou,y Ouy,  dpy,
Mo gy T T TG TN T T
16 [ duy,\ - Juy du,
— —Ty|uy— — ] (26
+r6r<r 6r) 1<ul@x+vl@r (26)
Ou,y Ou, Ou, Ou,
Mgy YUy T Y
dp,, 10 Ouy, - Ouy
= — - T, — 27
dx+r6rr6r+10r @7
energy:
oh, oh, ok oh,
R P R

1 16 ( ok, ok, ok,
—Fr(,m(’—ar)‘”l(“la”l‘a? )

ok, ohy, ok, oy,

g Ty T Y0,
1 10 [ ohy,

—p—rom(’ m) @)

ohy; ohy, 1190 ohy, . oy

2 bl T [ Gl Y i

"1 ox o or  Pror or "\Tor T or
(30)

oh, oh, 1190 oh, oh,
== = C—h—]}

1 7ox T or  Prgror ['( or Y or
(31

From equation (3) one gets 0p,,/dr = dp,,/or =0
which is taken into account by the ordinary
differentiation of the pressure in equations (26) and (27).

The associated boundary conditions following from
equations (5) and (6) are:

r=1: Uy =y, =0, =0,,=0

ih'z_ﬂ_ah—z,,_o Ohys _ aﬁi_ 24’T
o o 0 or o
(32a)
r=0: Uzpzvby;();
oh,, oh,, oh,, ok
20 _ 2 _ 24 _ 2e 0. (32b)

or or or or

In addition to these boundary conditions a number of
integral conditions hold. As the mass flow rate, m, must
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be the same for constant and variable properties from

2 J: purdr=1 (= const) (33)
with (17) and (18) follows:
jl (Tyy +up,)r dr =0 34)
’ 1
L ty,r dr =0, (35)

The bulk enthalpy kg in dimensionless variables for
gw = const. is:
1 -
by = 2[ puhr dr = 2g-‘iv—x. (36)
o Pry

With equations (17) and (18) inserted into (36) one gets :

1
J‘ (B} + By, +uhy )y dr =0 (37
o
1
J (hyuy,+uhyyr dr =0 (38)
o
1
j ushy,r dr =0 (39
0
1
j uhyr dr = 0. (40)
g

5. SOLUTIONS
First order equations, equations (20)-(23):

The first order solutions (constant properties) are well
known, in our dimensionless variables they read:

d
uy =2(1—r%); v, =0; E%:—S (41)
- . _ 48
= T, {(x)+ T, »(r), T”_-llPr >
[}
Ty =H(—r*+4r* =] 42)

Second order equations, equations (24)}-(32), (34), (35),
(37)-(40):

The partial differential equations can be integrated with
the following formulae:

Ui = Xthgy (1) + tg(r)

v2i=0 Z-—“‘—p,?}‘

43)
Pai = a1x> +ayx i=pnic

h—z; = xhy;(r)+ h—zjz("l

The solutions are:

6 2
2y = _ﬁ.[“_,z) pr -t k|

11P 18- 4 4 18
2= (=205 + 120 —13r2 4. 3) (@5)
I | (@6)
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P2 = {1py 0(2x +X) 47

Pax ——%(Fj—;x"-&x) {48)
-2
A Py

Ca) e

oy = t37(—3r8+32r°—78r*+ 72r* — 10)  (50)

Eu=%[£§—{6r —24r2 + T)x—27r8
+224r% —516r* +336r% -?] (51)
By = —hy,. (52)

6. MOMENTUM TRANSFER

With the dimensionless wall shear stress 1y =
%/(ptU%?) we define a friction factor f:

(53

From conservation of momentum we get, see [4]:

1
f Rey = —~23—J’ (p+pud)r dr, (54)
dx 0

In the case of constant properties equation (54) together
with equation (41) gives:
d
fop Reg= =2 ﬂ

dx Jo

rdr=8. (55)

The subscript at f means ‘constant property at the
reference temperature level Ty,

With p, p, u according to equations (18¢), (17a) and
{18a) respectively, from equations (54) and (55) we get

/. 1+e[(—-1<,,+1<,,)53

fen.
H{—Kegrer

6 2
oTipr, + Ko 11)]*’0(8 ). (56)

With help of equation (56} f, , can be corrected for the
influence of temperature dependent properties. The
shortcoming of this equation is the fact that one has to
go back to the reference state T, to correct the friction
factor f at some position x in the region of thermally
and hydrodynamically fully developed flow, see Fig. 2.
How to overcome this will be shown in Section 8.

It should be mentioned that there is an alternative
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way to obtain equation (56):

With 3, = n{(0u*/0y*)y = —n¥(0u*/or¥)y, and in
dimensionless form ty Rey, = —ny(du/dr)y we have
for constant properties: Ty ., Reg = —(0u,/0r)y = 4
[see equation (41)], so that:
- =—%NC%). 57
fc.p. Tw c.p. ar w

If # and u according to equations (17b) and (18a) are
now inserted, one comes out with equation (56).

7. HEAT TRANSFER

The Nusselt number in dimensionless variables is:

% R* 2 b=
Nu= 2R 2w (58)
AT —TF) Ty—Tg
For constant properties Tyy— Ty = (T, — Tp1)/e = 1

[see equation (14)] so that Nu. , = 48/11 = 4.36 [see

equation {(16)] and
Nu = -

59
Nuc.p. ( )

The energy equation was solved in terms of enthalpy.
Within the linear theory enthalpy 4 and temperature T
are related by

_VIRKh-1

= < =
Equation (60)together with T = T/eand h = h/e gives:
Tw—Ty = hw—hy—3eK (A3 — 3) +0(e?).  (61)

If hy, is now calculated from equations (49)—(52) with
according to equation (36), one finally comes out with

the following equation :
232 1
1815 Pr,

206
Nu__ 1+s[1< fiy+ K (

—1Kh+ (60)

c

Nu,, 605
13148 309

Kyt Ky + K, o). (62

Koqgr t Kagos 1210]+ ). (€2

8. PROPERTY RATIO METHOD

By means of equations (56) and (62) the results for
momentum and heat transfer calculated under the
assumption of constant properties (at temperature Ty)
can be corrected at any position x far enough
downstream for any thermally fully developed pipe
flow. One should keep in mind that the concept of
thermally fully developed flow makes sense only if
constant properties are assumed. To improve these
results by equations (56)and (62), the fluid properties K,
at reference temperature and the bulk enthalpy [see
equation (36)] must be known.

With the concept of what we call ‘quasi-constant’
properties one can transform equations (56) and (62) to
a form known as property ratio formulation with the
advantage that there is no need to have recourse to

properties at reference conditions T. Thereis only need
for properties at local wall and bulk temperatures
instead.

Flows with quasi-constant properties are defined as
following:

(1) all physical properties are taken at the local (x-
dependent) bulk temperature ;
(2) the constant property laws hold locally, i.e.

2ng(0u*/0y*)wo pEUSR*

8 =
pé‘U3‘2 ns
ou*/0y*)we PRUER*
( *U*z WB B : (63)
P8 s
* 2R* * 2R*
4,36 = — aw (64)

BTH—TH, A(Th—Ths

If we now write

2'13(6“*/6y*)w3

chp *U*2

according to the definition of f, equation (53), we get:

fB.c.p. — ﬂﬁ(au*/ay*)wn - @
fc.p. n§Qu*/0y*)wo  pa

=1+e(—

K,+ K )hg+0(e) (65)

with (Qu*/0y*)we/(0u*/0y*)wo = pg '
(63).
With the definition :

7=

from equation

=Jps (66)

PB

Ug?
2

we can write, combining equations (56) and (65):

f _ T _ St
ch.p. j::.p. fcp chp

4 6 ,
=1+¢ —K,,“P + K, )+0(E). (67)

As Pry = Pry+0(c) we finally come out with an
equation of local properties, ] .according to equation
(63) being /., = 8/Rey:

7
Tes.
In a similar way we define a Nusselt number Nu:
q%2R*
s(TH—T%)

4 6 ,
= Lol =K, 1+ Koy 4060 69)

Nu= = Nuig'. (69)

With Nu,, = Nu_, according to equation (64) from
equation (62) follows [again we set Pry, = Pry+0(c)]:

Nu 206 232 1
— =1+4¢ Kp —_—
Nu,, 605 1815 Pry
13 148

-K K K
131 T Meos T

, =436,

09 0(e*) (70
“T316 | H0€ (10)

with Nu_
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On the basis of equations (68) and (70) we can make
the property ratio formulae:

ATy
Jeo. Lod] Luk
~f\7u _ @ L ﬂv- m2 & m3 c—:v! M4' (72)
Nuc.p. pl,; r’§ /{ﬁ C:B

The property ratios o,/ with o = p, 5, 4, ¢, are:
o aw  1+eK Ty +0(%)
af oy 146K, T+0(e?)
= 1 +eK (T — Ty) +0(¢?)

and with Ty — T = 1+ 0(¢), see equations (14), (16) we
get:

(7

*

B
[Z—Y] = (1+eK,+0(E) = 1+ feK,+0().  (73)

With equation (73) applied to equations (71) and (72)
the exponents n;, m; can be determined by comparing
equations(71),(68) and equations(72),(70) respectively,
see Table 3. The final result with the exponents correct
to three places is:

0.364
j‘ _l:@:l_._ﬁs_liﬁ]o.“’s
Jeo.  LPE i
- 0.128
Nu [pa:'o.34o—‘ﬁ;l:n:vj,—o.lo7
Nuc, Lo} i
pE 0.245 c* 0.255
X[TX] ["TW] . (79
B CoB

9. DISCUSSION

(74)

There are five important features of our systematic
approach to the variable property flow:

(1) The final result is universal in the sense that it
holds for all fluids, for example liquid metals,
liquids, gases and oils. There is no need to
distinguish between liquids and gases as is
usually done when the property ratio method is
applied, see for example [6].

All physical information is extracted from the
basic equations. There is no need to have
recourse to empirical information as was
necessary in the past. So the property ratio
method is no longer an empirical method.

As long as the property ratio method is
introduced as empirically determined correction
to the constant property results the choice of

@

&)
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properties is arbitrary to some extent. Often the
ratio of viscosities is chosen, sometimes that of
Prandtl numbers and in other cases assuming
power laws for all physical properties even the
ratio of temperatures is chosen instead. (The
method is then called ‘temperature ratio
method’, see for example [6].)

Our theory gives the one and only choice of
property ratios for a complete correction of the
constant property results by the method of
property ratios.

We can easily show that it makes no sense to
distinguish between ‘cooling’ and ‘heating’, as is
often found in literature, see [6]. As long as
constant exponents are assumed, it is a
characteristic feature of this formulae that higher
order effects cannot be taken into account. Such
higher order effects are based on the nonlinear
temperature dependence of the physical pro-
perties. If they should be taken into account, the
property ratio formulae is no longer a proper
one, since then for example m; and n; in equations
(71) and (72) must be functions of & These
functions m;(¢), n;(¢) are linear functions as long
as the (nonlinear) temperature dependence is
quadatric. Different values of m;, n; for cooling
and heating respectively are an (obviously bad!)
approximation to this linear function. If higher
order effects are to be taken into account, one
should go back to equations (68) and (70) which
in that case include terms of order 0(¢2). For
details see [3].

Inthe finalequations theinfluence of the physical
properties can be checked separately. For fluids
with one or more properties being constant the
corresponding factor (ad/a)™ " is 1. Thus, for
example, for liquids density is usually taken to be
constant, so that the first term of equations (71),
(72)1s 1, provided m, and n, are of the order O(1).
This condition is violated if Prg — 0, as can be
seen from Table 3 for example. Liquid metals
have extremely small Prandtl numbers, so that
the assumption of constant density must be
checked very carefully.

Q)

)

If, for example, we take liquid sodium at 200°C with
the physical properties: Prg = 0.0072, K, = —0.124,
K, = —0.918, equation (68) for example is:

J
fc.p,

with the factor 6.26 stemming from the density

= 14£(6.26+0.5)+0(c?)

Table 3. Exponents of equations (71), (72)

ny n, m my s my
4 6 206 232 13 148 309
- 11Prg 11 605 1815Prg 121 605 1210
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dependence and thus dominating the viscosity
influence given by the second term 0.5.

We finally want to show that our results compare
quite well to those extracted from either experimental
data or numerical solutions involving temperature
dependent properties. Kays and Perkins [6] give a
comprehensive review of laminar and turbulent duct
flows. They distinguish between liquids and gases and
in some cases between heating and cooling. Neither are
necessary in our theory as was explained above.

Liquids
The property ratio result in [6] reads:

J [T, n=050(cooling) 76
Joo. Lns |’ n=058 (heating)
1\7 *k |m
SE MW o 014 or 011 (77)
Nuc, | n§

The formulae shows that viscosity is assumed to have
the dominating influence. In terms of our theory, that is
p* =const, A* =const, and c}* = const, so that
equations (74) and (75) reduce to:

‘Lz ﬁ 0.545. Nuw: @ -0.107
Jeo. Lk T Nug, o L '

The exponent for the skin friction lies exactly between
those in [6] for heating and cooling.

For the exponent in equation (77) two different
numbers are given stemming from two different
sources. The exponent m = —0.14 is taken from
calculations by Deissler [7]. These calculations are
carried out for a fluid with a viscosity law which
corresponds approximately to the behavior of liquid
metals. Above we have shown how density variations
influence skin friction for liquid metals. It might be too
crude an approximation to cover all effects with one
factor containing viscosity only.

The exponent m = —0.11 taken from a study by
Yang [8] (see [6]) agrees closely with our exponent
which is m = —0.11 too, if it is rounded to two places.

Gases
For gases in [6] it is assumed that all physical
properties exhibit a power law dependence on
temperature, so that the ratio of temperatures is
appropriate. The temperature ratio results from [6]
are:
J _[T&T n =081 (cooling)
Fon [Tﬁ] n = 1.00 (heating)

(78)

Nu _[T%]" 0.0 79
e S m = 0.0.
Nu, T (79)
If we assume a power law dependence in our results too,
for example that for air at 20°C, written as

o T [ R
a; = T | (w,; 0,50, m,)
B B

=(~1:0.7:085;0.19) (80)

we get:

] — Ti;v 0'89. l\~lu B TW 0.02
i;p - T"I; ’ N“clp. T;

which agrees closely with equations (78) and (79). Again
the exponent for the skin friction lies between those
for cooling and heating.

We have applied an asymptotic theory for small heat
transfer rates that is valid for ¢ — 0. In practice this
theory gives reasonable results for considerable heat
transfer rates. The range of applicability of equations
(78), (79) in [6] is given by: 0.5 < T¥/T§ < 3 for
example, which corresponds to a range —0.5
< e(TE/T) < 2. If the ratio TE/TE is of order 0(1),
—0.5 < ¢ < 2 shows the wide range that ¢ can cover
still giving reasonable results.
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EFFET DES PROPRIETES VARIABLES SUR LE TRANSFERT DE QUANTITE DE
MOUVEMENT ET DE CHALEUR DANS UN TUBE AVEC FLUX DE CHALEUR CONSTANT A
LA PAROI

Résumé—L’influence des propriétés variables sur I'écoulement laminaire pleinement établi dans un tube est

analysée dans le cadre d’une théorie asymptotique pour des faibles flux thermiques. Les fonctions décrivant la

dépendance des propriétés du fluide vis-a-vis de la température sont développées en série de Taylor 4 partir de

I’état de référence, avec des coefficients non spécifiés pour des fluides particuliers. Les contraintes de

cisaillement et les températures sur la paroi sont données selon une série puissance du parameétre ¢ = 13 q,,.

Pour tous les fluides, on montre comment les exposants dans la méthode de rapport de propriétés, dépendent
des propriétés du fluide. Cette méthode n’est pas du tout empirique.

DER EINFLUSS VARIABLER STOFFWERTE AUF IMPULS- UND WARMEUBERGANG IN
ROHREN MIT KONSTANTEM WARMESTROM UBER DIE WAND

Zusammenfassung —Der EinfluB variabler Stoffwerte auf laminare voll ausgebildete Rohrstrémung wird im

Rahmen einer asymptotischen Theorie fiir kleine Wirmeibertragungsraten untersucht. Die Funktionen,

welche die Temperaturabhingigkeit der Stoffwerte beschreiben, werden als Taylor-Reihen im Bezugspunkt

entwickelt. Die entsprechenden Koeffizienten werden aber nicht fiir bestimmte Stoffe spezifiziert.

Wandschubspannung und Wandtemperatur werden als universelle Potenzgesetze des Parameters ¢ = 11 gy,

angegeben. Fiir alle Stoffe wird gezeigt, wie die Exponenten in der Stoffwertverhiltnis-Methode von den
Stoffwerten abhdngen. Damit ist diese Methode keine empirische Methode mehr.

BJIMAHUE TMEPEMEHHbBIX CBOMCTB XHUJAKOCTU HA MEPEHOC UMIVJIbCA U
TEIMJIA B TPYBAX C NOCTOSHHOY INJIOTHOCTHKO TEIJIOBOI'O MOTOKA HA
CTEHKE

Annotaims—B paMkKax acHMITOTHYECKOH TEOpHUHM NPOBEIEH AHANN3 BJMAHHS [EPEMEHHBIX CBOWCTB
KHOKOCTH Ha JIAMMHAPHOE TOJHOCTBIO DPa3sBHTOE TEYCHHE B TpyOe NpH Majod HHTEHCHBHOCTH
TenjonepeHoca. PyHKUMHA, ONMUCBLIBAIOLLME TEMIEPATYPHYIO 3aBUCMMOCTL CBOHCTB XHAKOCTH, pasa-
raloTcs B paibl Todnopa BOAM3H OTCYETHOTO COCTOAHMA, KOIPDHILMEHTH KOTOPLIX HE 3a4aKOTCH IIA
KOHKDPETHBIX XHAkocTed. HanpsokeHue ciBura u TeMnepaTypa Ha CTEHKe 3alal0TCs B BUAE YHHBEPCAIb-
HOTO CTEMEHHOro pAlJa NapameTpa ¢ = 33q,. [N Bcex MIKOCTeHl NOKa3aHo, kakuM o06pa3zom
noKa3aTejlM CTENEHH B HCMO/b3YEeMOM METOAE 3aBHCAT OT CBOWCTB XKMIKOCTH, OTKYZAa CIEIyeT, YTO
MeTox 60Jbllie HE SBJISETCH IMNUPHYECKHM.
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